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Abstract—In interference alignment, users sharing a wireless defined later. Using multiple channel realizations to align
channel are each able to achieve data rates of up to half of the interference has also been studied in [4] for different sasfe
non-interfering channel capacity, no matter the number of uses. receiver message requirements; however, we instead eonsid

In an ergodic setting, this is achieved by pairing complementary - T
channel realizations in order to amplify signals and cancel how to utilize these many channel realizations to reduce the

interference. However, this scheme has the possibility for large delay of individual messages at each receiver. At first glanc
delays in decoding message symbols. We show that delay carit may seem that using alignment sets of larger sizes wily onl
be mitigated by using outputs from potentially more than two  increase the delay; but if we allow alignment using aligntnen
channel realizations, although data rate may be reduced. We sets of multiple sizes simultaneously, then we can decibase

further demonstrate the tradeoff between rate and delay via a ti ired f bol to be d ded
time-sharing strategy. Our analysis considers Gaussian channels; Ime required for a message symbol 1o be decoded.

an extension to finite field channels is also possible. We now give a simple example of an alignment set and
show the concept of interference alignment.
. INTRODUCTION Example 1:Consider a3-user Gaussian interference chan-

The technique of interference alignment has expanded wingl with channel response given B = HX + Z, where
is known about achievable rates for wireless interferehemc X denotes the transmitted symbols (with power constraint
nels. First introduced by Cadambe and Jafar [1], interf@enE[| X|?] < P for each usek = 1,2,3), H is the channel

H®

alignment employs a transmission strategy that compensateatrix, Z is i.i.d. zero-mean unit-variance additive white
for the interference channel between transmitters andvesse Gaussian noise, an¥f gives the received symbols. Suppose
At each receiver, the interference components can then the following channel matrices occur at time steépst;, to,
consolidated into a part of the channel that is orthogon#liéo andts, respectively:
signal component. In fact, the interference is isolatedalh h
. . . . . ) S | 1 -1 -1

of the received signal space, while the desired signal stéat g 0) _ [ 1 1 -1 ] HO — [ 1011 ]
in the other half—leading to the statement that every receive -1 1 1 1 1 1
can have “half the cake.” This is a significant improvement
over every receiver receiving only/K of the cake, which L ® 11
is the case if standard orthogonalization techniques agd us j _11 } H™ = i _11 _11
(where K is the number of transmitter-receiver pairs).

Interference alignment in an ergodic setting is studied lhthe same [complex] vectaX is sent at all these times, then
Nazeret al. [2], and provides the basis for our analysis. Usinthe sum of the non-noise terms is given @;:0 HOX =
their Gaussian achievable scheme, we delve deeper into 4%, X, X3]7 becauseZ?:O H® = 41. By utilizing all
associated decoding delays and consider how delays mayfdir channel realizations together, the signals (diagamal
reduced, although at the cost of decreased rate. Even thotrigs) are amplified, while the interference terms (offgiaal
the analysis in [2] additionally considers a scheme for dinitentries) are cancelled, so this collection of matrices is an
field channels (also similar to the method in [3]), we defer talignment set. As long as a receiver knows when an alignment
the reader the extension of our analysis to the finite fielé.caset occurs, then in order to decode his own message, he does

Our approach for reducing delays is to consider interfenot need to know the channel fades to the other receivers.
ence alignment where alignment may require more than ondnferring from [5] or [6], the astute reader may notice
additional instance of channel fading. In [2], interferencthat in the example, the sum capacity when sending across
is aligned by transmitting the same message symbol duriegch channel matrix separately is actually greater than the
complementary channel realizations. In contrast, our@ggr alignment rate—a capacity oflog(1l + 3P) for separate
will utilize multiple channel realizations (potentiallyare than coding, compared to a rate &flog(1 + 4P) by using the
two), which when summed together yield cancelled interfeindicated interference alignment scheme. However, when th
ence (and amplified signal). We call such a set of channalmber of transmitters (and receivers) exceeds the number
matrices analignment set-which will be more formally of alignment channel realizations, then the rate benefits of



using alignment sets start to become evident. Aligning srahathy; be drawn from a distribution which is symmetric about
4 channel realizations witfk” transmitter-receiver pairs, a ratezero, soP(hy;) = P(—hg;). The noise termg; (¢) are drawn
of Klog(1+ 4P) is achievable, which can quickly exclipseindependently and identically from a circularly-symmetri
the separate-coding sum capacityldbg(1+ K P). Moreover, complex Gaussian distribution; thugy () ~ CA(0, 1).
as we will discuss, the benefit of using larger alignment isets
not in the rate, but rather in the reduction of decoding deIa@'
In the next section, we will formally describe the interfer- In this exposition, we consider quantized versions of the
ence alignment setup, and define our notions of rate and.deRfjannel matrix. For some quantization parameter 0, let
In Section Ill, we will take a brief look at the traditional @~(h:) be the closest point i(Z + jZ)~ to hy, in Euclidean
interference alignment scheme, by considering the rate afigtance. They-quantized version of the channel matifiX €
delay inherent in aligning interference using complemgntaC*** is given by the entrie§H .| = Q- (fuxa).
channel realizations. Section IV will give the main result Our scheme uses typical realizations of the channel matri-
of this work, which is the analysis of rate and delay wheg€s. For any > 0, choose the maximum magnitude> 0
aligning interference by utilizing multiple channel realfions. such that?(U, ,{|hx| > 7}) < §. Throw out all time indices
We will also give a scheme for trading off the rate and thith any channel coefficient magnitude larger thanLet ~

Channel Quantization

delay. We conclude in Section V. andé be small positive constants. Then choasarge enough
so that the typical set of sequencd§ of channel matrices
Il. PRELIMINARIES has probabilityP(A%) > 1 — £ (see [2] for details). Because

The setup is the same as thé user interference channelthis sequence of-quantized channel matricesdgypical, the
of [2] and [4], where there ar& transmitter-receiver pairs. corresponding rate decrease is no more than a fraction of
The number of channel uses is For the k-th transmitter, In the remainder of this paper, we will only deal with the
k=1,...,K, each message;, is chosen independently andquantized channel matricéd ,, so we drop the subscript;
uniformly from the set{1,2,.. .72”Rk} for some R, > 0. all further occurrences off refer to the quantized channel
Only transmitterk knows message;,. Let X be the channel realization H,. We also redefine the channel alphabetto
input and output alphabet. The messages encoded into the only include the typical set of quantized channel matrices,
n channel uses using the encodgr: {1,2,...,2"f%} — x».  which has sizgH| = (27 /~)2K",
The output of the encoding function is the transmitted syimb
Xi(t) = [Ex(wg)]: at timet, fort=1,...,n.

The communication channel undergoes fast fading, so thdn the standard interference alignment approach, the-inter
channel fades change at every time step. At titee channel ference iS. aIi_gned by considering the channel mafdXxin
matrix H (t) has complex entrieSH (¢)]5; = hy(t) for k, 1 = tandem with its complementary matrid©, where

B. Aligning Interference

1,..., K. In this model, before each timg all transmitters hiir —his —hix
and receivers are given perfect knowledgefdft). We call —ho1 hoo —hox
‘H to be the set of all possible channel fading matrices. Hf = )
The message symbaX(t) is transmitted at time. We : : :
assume zero delay across the channel, so the channel output —hgr —hrxa - hkk
seen by receivek at timet is the received symbol That is, H¢ has entrieshy,; for k = [ and —hy, for k # 1.
K For alignment using more channel realizations, we define
Yi(t) = thl(t)Xl(t) + Zy(t), (1) the concept of an alignment set.
1=1 Definition 2: An alignment setof size m € 2Z* is a
collection of matrices{ H”, HY ... H™ Y} such that

where Z;(t) is an additive noise term. Each receivethen

decodes the received message symbols according,to. e diagonal entries (signal terms) are the same:

xn — {'1',2, S, 20 to 'produce an estimat@;,, of wy. ' hlESc) _ hl(clk) L h}(;;;q) )
Definition 1: The ergodic rate tupl€R;, Rs,...,Rk) is _
achievableif for all ¢ > 0 and n large enough, there for k=1,..., K, and the sum of interference terms cancel:
exist channel encoding and decoding functidfs. .., &k, ’h(o) _ ‘h(l) L ‘h(m_l) 3)
Di,...,Dg such thatR, > Ry, —eforall k =1,2,..., K, ki ki ki
and P (U,ﬁil{wk + wk}) <e. and
We assume a Gaussian channel with complex channel inputs ‘{h(i) _ li=1 _— 1}' _m_y @)
and outputs, sd& = C. Each transmitter has power constraint kl kl T 2
(1) 0) |, m
E[|X,(t)]* | H(t) = H] < SNRy, VH € H, ‘{hkl = —hy; Izzlv---vm—l}( = 35 ®)
where SNR;, > 0 is the signal-to-noise ratio. The channefor k = 1,... . K, [ = L. K, k#1L. Wijfllin an ali_gnment
coefficients hyy (t), k1 = 1,...,K, are independently andset, the sum of channel matrice8,= 3" H"), will have

identically distributed both in space and time. We requis® a entriesby;, = mh,(ﬁg andby; =0, fork,l=1,...,K, k #1L.



We have seen some examples of alignment sets already. AnyFirst-to-Complete Alignment

channel realizatiott and its complementi® together form e call the following scheme for achieving lower delay
an alignment set of size. Additionally, the set of matrices the first-to-completescheme, which is essentially a coupon-
given in Example 1 is an alignment set of size collecting race between an alignment set of sizand an

Since channel transmission is instantaneous, the O”Wde@ignment set of size. For each channel realizaticl ¢ ‘H
considered is due to waiting for the appropriate chann@jccurring at timer,), we collect the realizations occurring at
realizations before a message symbol can be decoded.  fyyre timest > to. Now we say that an alignment sé; of

Definition 3: The average delayf an ergodic interference g, 4 nas beercompletedonce all matricesHl € Ag have
alignment scheme is the expected number of time stepSen realized. I occurs beforedy; is completed, then pair
between the first instance a message symiols sent and , 77 with that realization ofFI°. Otherwise, group together
the time until X is recovered at the receiver. H with the other members of the alignment séf;.

If X(to) is sent at timef, but can not be decoded until \ve gerive the achievable rate by separately finding rates
the appropriate interference alignment occurs at #mehen \\hen decoding using alignment sets of each size, and then
the delay ist; — #o. Note that the delay does not considefgighting these rates by the probabilities that a particséd
the decoding of the entire messagg—just the symbols 5 completed before the other. From [2], H at timet, is

transmitted at each individual time(y. (), k =1,.... K. paired with H¢ at time ¢;, then transmit the same symbol
I1l. I NTERFERENCECANCELLATION USING vector X (ty) at both timest, and ¢;. Since this is align-
COMPLEMENTARY CHANNEL REALIZATION ment with channel complements, the radtg = 1 E[log(1 +

The method of interference alignment via sending the sar@#x|°SNRx)] — ¢ is achievable with probabilityt — c.

channel input vector when a complementary channel realizaNOW We find the rate whedd at timet, = {, is instead

tion occurs is given in [2]. CalR\” the achievable rate for grouped Vr:"th ;he rr]nemblers (Ij'f Its sme?h%nmer:lt Semﬁg .
interference alignment using complemerite.( requiring two *SSume that the channel realizations of the other members o

channel realizations before decoding each message symbéne alignment set occur at times, ¢, andis, respectively.
Lemma 1 ([2], Theorem 3)An achievable rate tuple by " the scheme, we send the same message syAip@h) at

aligning using complementary channel realizations is timesto, t1, 2, andz. The channel outputs are

R](f) _ %E[log(l + 2‘}ka|QSNRk)] Yk(t) = hkk(t)Xk(tAO) + Z hkl(t)Xl(tAO) + Zk(t) (6)
. . L I#k
for k=1,..., K, where the expectation is over the distribu- P ) o
tion of channel fade&,;, drawn from the matrices ift(. for ¢ = io,t1,12,¢3. From the alignment set definition, we

When a channel realizaticH occurs, then the sent messag&nNoW fu (fo) = huk (1) = hur(2) = hi(ts) and hy(fo) +
symbol is decoded when the complementary channel realifas(t1) + hwi(t2) + hui(ts) = 0 for k =1,..., K andl # k.
tion H® occurs. Letd® denote the average delay betweefnus, the signal-to-interference-plus-noise ratio ofthannel

channel realizationgd and H*. from X, (to) to Yi(fo) + Yi(f1) + Yi(f2) + Yi(f3) is at least
Lemma 2:When all channel realizations are equally likely, SNRy (4R (hir)| — 27)2 + (4SS (hir)| — 27)2)
the average delay incurred by interference alignment with 1+ (29)? Z#k SNR, .

complementary channel realizationsd$) = |H|. . T
Proof: Each channel realization is equally likely at eacdaking the channel quantization parameter- 0, the SINR

time. The time untilEZ® occurs is a geometric random variabldS 4/kk[*SNRy,, which gives the rate (as — oo):

with paramete?(H¢) = 1/|H|. The average delay igﬂ- [ | Ry = LEflog(1 + 4]hgx [2SNRy,)] — 2. @)
Note that the delayl® can be quite large. Using our
quantization scheme®) = |H| = (27/7)21@_ Thus there existy and 7 such that we achieveR, >

1 2 i ili
1 Bllog(1 + 4|hyk|>*SNRy)] — € with probability 1 — e when
4
V. INTERFERgNCECAN(I;ELLATION USING MULTIPLE aligning using an alignment set of sié
HANNEL REALIZATIONS We now determine the probability that the first-to-complete
This section will focus on using alignment sets of sizescheme decodes using the alignment set of sizeather
m = 2 andm = 4. Extensions for larger alignment sets wilkhan the alignment set of siz2 This can be computed by

be discussed in Section IV-C. considering a Markov chain with the following states:
For ease of analysis, we assume that each channel reallzas—ilz Decode using compleme®

tion H is equa”y I|ke|y, although similar tools for analySiS s0: No matches yet to any alignment set
can be used when the distribution of channel realizations si: First match with sizet alignment set
is non-uniform. However, all channel realizations withiret ~ 52°  Second match with sizé-alignment set

. o . 83! Third match with sizet alignment set, so decode usintyy
same alignment set must have the same probability: for-align o .
ment setAy — {H7H(1),H(2), - .7H(m—1)}’ we require he Markov chain is shown in Figure 1. States; and s3

P(H) = P(H(l)) _ P(H(Q)) _ P(H(mq))_ Fortunately, are absorbing. Because this is a success runs Markov ctgin, i

thls hOId_S since we assume th:fu channel entries are drawn fro IHigher rates may be possible by optimizing power allocatierts, water-
distributions that are symmetric about zero. filling. Here we only consider rates achievable using equater allocations.



Theorem 6:The average delay when time-sharing is
d(@) = (1 — a)d?® + ad®Y = (1 — a/4)H|.

Proof: Evident. [ ]
Corollary 7: The average delay, when time-sharing be-
tween the first-to-complete scheme (using alignment sets of
Fig. 1.  Success runs Markov chain associated with firsetoglete both sizes2 and 4) and channel-complement alignment, is
alignmgnt. States indicate progress toward;_ complet?orjqaaﬁgnment sets. |ower than the average delay when using onIy complements.

Quantities above the arrows indicate transition probidmsli Proof: By Choosing anyr > 0, we get delayi(a) strictly

absorption probabilities and hitting times are known [7heT less than#|=d®. o _ "
probability of decoding via the alignment set of sizés the  1he reduced delay is an intuitive result since the first-
probability of absorption at state starting from state,, and 0-complete scheme allows additional opportunities tgrali
is computed to be3, = 1/4. Note that3, does not depend without disallowing existing opportunities.
on the number of possible channel realizatiofig|. This is C. Extension to Larger Alignment Sets
intuitive since matrices not belonging to an alignment s&t d \we now extend our analysis to more general collections of
not affect the probability that one set completes befor@l®@To jignment sets. Consider a finite tuple of positive even rensib
Lemma 3:An achievable rate tuple for the first-to-completg _ (m1,ma,...,myy), possibly with repetitions. We gen-
scheme has rates (for all=1,..., K): eralize first-to-complete alignment by using non-overlagp
R,(f"l) _ %E[log(l + 2Tk [2SNRy )] alignment sets with sizes dictated_ by the.entriesIofAs
N ) soon as all members of any particular alignment set have
+ 16 Ellog(1 + 4hpk|*SNRy )] been seen, we stop and decode. Referring to the probability
literature, this process is identical to the multiple subse
coupon collection problem of Chang and Ross [8], in which
coupons are repeatedly drawn with replacement until any one
of several preordained subsets of coupons have been edlect

Proof: Because decoding via the si2ealignment set
occurs1 — B4 of the time, and decoding via the size-
alignment set occurg, of the time, an achievable rate is

(2,4) 1 2 1
==(1-— FEllog(1+2|h NR = B4FE]log(1 .
B = 3 (1= ) Bllog(l + 2AhiePSNR) 4 3 fa Ellog(1+ ™5 8000 e ihe achievable ratdgt!, RS, ... RL) and

4|hyi|2SNRy)]. Plugging ing3, = 1/4 gives the result. m . . o .
| L]er\iaIZf)llor tuhgegIfi?stl-tgjlcomélet?elvscheme tlrJ1e avera %elay d! associated with running first-to-complete alignment
decoding délay 12 — (3/4)[H| = (3/4)d ' mong /-sized alignment sets, we construct the associated

Proof: The delay until either alignment set is completed ig/larkov chain. The state vecter= (s, sy, ..., 51 ) Is defined

the mean hitting time until one of the corresponding absonpt as follows:s; counts how many members of theh alignment

states is reached in the Markov chain of Figure 1. A simp eet have already occurred, excluding the initial matfi

. L o (24) nitially, the Markov chain is at state = 0, since no alignment
computation for the hitting time yields (3/4)[H]. = set member aside fronHH has yet been realized. At each

B. Delay-Rate Tradeoff time ¢, if H(t) is a member of thé-th alignment set and

i . has not yet been realized, then incremeni= s; + 1. When
Although the first-to-complete scheme achieves lower delay y BT 9 +

than interf i S | | ts. itth s{ = m; — 1 for somei, this means that theth alignment set
an interierence alighment using only complements, 1thas - ¢ sizem;) has been completed. The Markov chain enters an
drawback of having lower rate. By using time-sharing, we ¢

. sorbing state, and the receiver decodes.WLealenote the
— d(24) (2) — . e
achieve any delay such that3/4)[H| . d S d < = = set of absorbing states. The state transition probalsiléaie
|H|, and every usek € {1,..., K} will still have increased o
data rate over that ok\*"). THT
In the tlme-ghar|ng sc_heme, Wlth .probab|I|Iy— oé whgre Pow=4 1-% mis g g ggy

0 < a < 1, pair up H with the first instance ofH ¢ which 1 i IH s —s scV (absorption)
occurs later in time; this is alignment using only completaen 0 otherwise
With probability «, however, perform the first-to-complete
scheme: pair upH with H® only if H® occurs before any

alignment set of sizé is completed; otherwise, groud with >, i mo
the size4 alignment set which completes first. probability that the Markov chain reaches an absorptiotesta

Theorem 5:The achievable rate when time-sharing Witﬁorresponding _to the com_plgtion of a s'nzealignmenF set. )
probability o of using the first-to-complete scheme is These_ absorption propabll|t|es can be computed via matrix
inversion [7]. Table | gives example values f6f, .

sy = s; + 1 for somei, . ..
si=s;foralli#£i, s¢gV

Let 3., be the probability that the first completed alignment
set has sizem, where m € [I. Equivalently, 3. is the

Ri(e) = (1-— a)Rz(cQ) + aRz(c2’4) Following a similar argument as in Lemma 3, the rate for
_ % (1 _ %> Ellog(1 + 2|hux|>SNRy,)] re_celverk;_e_ {1,_. .., K} by using a flrst-to-compl_ete scheme
N ) with specific alignment sets of sizes drawn frdnis
+ 6 Ellog(1 4 4|hir|*SNRy)].

1
Rf =3~ — 3}, Ellog(1 + mlhe PSNRy.).

Proof: Evident. [ |
mel



TABLE |
ABSORPTIONPROBABILITIES AND DELAYST

Set sizes Absorption probability Delay
1 By B B d’

(2,4) 0.75 0.25 0.75|H|
(2,6) 0.8333 0.1667 0.8333|H|
(2,4,4) 0.6429 0.1786 0.1786 0.6429|H|
(2,4,6) 0.6944 0.2083 0.0972 0.6944|H|
(4,6) 0.625 0.375 1.3988|H|
(4,8) 0.7 0.3 1.4972|H|
(6,10) 0.6429 0.3571 1.8607|H|

T For values to be validH| > 1+ Zlﬂl(mi — 1) must hold.

A related issue is that of allowing decoding usimad
alignment sets of a particular size, of which there are
(m%fl)K(K_l) such alignment sets. For example, a system
could choose to perform first-to-complete alignment among
any alignment set of size2 and4. Because non-intersection
between different alignment sets may no longer be guardntee
the analysis will be more complicated.

The moral of this story, however, is that delay can always
be reduced by allowing alignment using a greater number of
possible choices of alignment sets. The data rate may decrea
correspondingly, so the tradeoff needs to be appropriately

We now incorporate time-sharing and describe the delaghosen according to the needs of the communication system.

rate tradeoff. LefZ be a finite collection of these tupldsthat
is, 7 = {I = (ml,..

.,my)) | m; € 2Z*}. We can do time-

V. CONCLUSION

sharing between first-to-complete schemes, with sizesrdraw N Our analysis, we have not considered the delays between

from I € Z, according to the vectak = (ay,, ar,, ..., ar;,),
where) ;.; a; = 1. The rate will then be
Ri(e) =) asRy. ®)

IeT

Alternatively, to make explicit the rates due to alignmestiss

of particular sizes, the rate can also be written as

D

me2zZ+

The average delay using alignment sets of siZes=

1
Ri(o) = > B — Bllog(1+m|hx|*SNRy)].

IeZ:mel

(m1,ma,...,m) is equal to the mean absorption time fot, 4 (ate.
the Markov chain. From [8], by using Poisson embedding, thiS, can still say

delay can be computedZs
1 7]

I: 1_ 777,7‘,—1 .

d \H\/O 1—U,||1( W du

1=

)

when a message symbol is available and when it is first
transmitted. We have only defined delay as the time between
when the symbol is first transmitted and when it is able to

be recovered by the receiver. We believe this is a reasonable
metric of delay, as long as message symbols are not all
generated at one time. However, an analysis using queueing
theory may be necessary to verify this claim.

In this work, we have proposed an interference alignment
scheme which reduces delay, although with potentially de-
creased data rate. Delay is mitigated by allowing more ways t
align interference—through the utilization of larger algent
sets. We have also introduced a scheme to trade off the delay
In the end, even though the rate may be reduced,
in the parlance of interference aligndrat t
each person gets of the cake, wherd /K < x < 1/2—
so our scheme can still be an improvement over non-aligning
channel-sharing strategies in terms of data rate.
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